Lecture 15 ( March 23 20J5)
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Conraction theory

élobal SJrabl' Jlfalt is & contipgl reseavch 7‘o/>/z n cgﬂﬂm/czr/ Sgs%ems %eog.
5+ab/'/,-7g Flo /ngﬂL/és aie. 79?@//;1_ odebned in Trms of attacton # an
naiant s (eg. pt or finit ycle) o conpled with a lyapunov stbiffy
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An shonger @7ubﬁm@77L Han attection. 15 a Pe - SPecitred ﬁgef et is
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the Por ko w/ea(ge of atactors.
Froper too] o check confoact Vi7g1_ for vionbnear %S%ems Is provided
by logaichene rocm  (matrx measure).

/’//57‘09 - The 1dea is a dassical one : lews 1940, Dahguist 1958,
Pemidovic & Noshi zawa 1960 .

In contrd Fheo ., Lohmiller & sletire 1998 .

Some a Fp/fcf}i ores: stabily, obsetver poblems, consensvs problens in
Compley  petworks.
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matvi measue (logardwic nom) is Hhe Funchon M R™ 5 R defined by
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induced nom 01, 1n the dhrrection P A & alnated o ilev&i‘}g matry T

Mafry measare  jnduced Jog_ Ponorms dencted oY ]‘\r and for Common

P-notmMs, P=l, 2,00, Can be wntten as hllows:

(R = max a2, log) MR = mmax 0+ 2, oyl
d"( ‘n = (#] 1=t-n 4= lﬂ

Met = Arax A+2AT Exneple. A.-C: f;)

Séme. Properies o M.
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In 165, CO,Dfe/ showed That the mdlrix medsute can be yeed fo bouad
solufons of & [near ditforertial éqwrfio{l ).(=A(+))< :
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fhen Lor any so|ution o‘ﬁ xX=Ae x, ond any 127,

Jxes)| @P(— j:‘ }A(—Afs’)cls) < Ixell < Ixan) exp (j%f /‘*(A@)&S)




In 1970, Marctiz infio duced a gznem//%aﬁbn oF The /974//7%/70/:
norm and  Proved Theorem 1 for Non Y near dithrential ETualions:

pef. Lot | be a nom on B and £ V>R be o Zunclion where
VeR" The feas upper bound (Jub) Lipschitz onstrrt of ¥ incuced
b} notme |-, on V, 5 defined by

M- x:;tf eV %%’D_ (generaliecion. of matix op norm)

Nofe Fhat LA <o i s Lipschife an V.
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Ixewl] exp (‘Jz M(—fs)qls> < Ixe)l < Ixao) exp (1wt d )

£y = BCs)
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Lemma 1. Let G: [6,0) x V > ﬁn be C with resioecffb the second

m’;mmem’; Where V < R" Suppose A & V : [o/ob)——: V Sadi.sf}
M—V)t) = Gt uw) — G+, V@)
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Nofe that &) eshimiles  vate ot contraction (c<o) and EX/DanSion (c>o.>

Froof Let 2 =u@y —Vepr- e have Fhil 200 = At 200 where

Aw = J' %é [su® 4 (1-5) V(-t)) ds . Now b} 50Laau,¥/v/é»l oF matrix
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meastire, which deL Cﬂlﬂ[mw'é{ eXpends 9 /nfegm /s , We have
M(Aw) < Sa/DX/" (Feen) > sup g M(Aw) <cC

Arplying. Coppels ivequalidy , gives fe result

DPef. Gien a norm || ), the pon Linear, fime a(g/oenalenf system x=F6,%)

or the vector field £, js said 7o be infinifesimally. Con'frac‘ﬁnj with

resrecf‘ﬁ? '7%"5 norm on a set VeR" hf ‘fﬂere exists some porm in V wrth

associated matox measure M s for some  @psit c>0 Hhe cortraction
I’aﬁtcz) i'f holds ‘va} /M<21 (—f/x)) £ -c \f;{e\// Yt>o0

The ke} (esult is ’ﬂm‘f' inf)in#es'/ma} Corr}chﬁwf;L ;)n)o/ﬁes g’obal (on’ffmcﬁvi‘fa:

“Thesrem 3. Syprose. Yat V15 a @nvex subset P d and X= ey s
infinesimal Con‘fmcﬁnj with Yes/veﬂLﬂ‘b a norm | J , with contraction iate
¢ Then Hor every Huo solfions xep and wp) of x=Ft), that reman
in V, i bolds Ahat yxey — ye) <& [x) 4ol e



Jofooﬂ Since X—j: f(-t,x) —39(4.,}) and SMfN(Zf(-I»X]) =-C, bg,
Lemma 1, B Can be obtaiped. X

“The g‘;nifican(e o¢ Thm3 s Hhat r+ 5 ‘}'fae %l’ amj norm. DJ?%QQ@HL norms ave
appropriate. for diffeteit poblems, Jast as diffyent Lyapunoy Functions ave o be

Calr’cﬁwllg chosen when armIbAzmg— A ninhnear 525+€M~ The choice o#norrns s a
Key stp in the appliaation of contraction fedumiques.

EXample. (onsider & standard observer conﬁigqrq-h‘oy,..
X= fow 2 = "F(t,u\ + K (hea) - heo)
where h (s an out paf Lunction and k is gn observer gain patax. )t

G, (y) = FO8, uw)+ K hey
Thens 2 -X=Gp@—Gyx), and Hus £G4 has a <arr}mc7‘i|//g Property
it folbws Hhat 2-x conkerges o 0 expoventially , b Lorma 1. (Tim 3
does ot apply, Since Z & x Solte differeit 47(,147‘/0w)
Ths recovers the standard Z,Meﬁberger observer cConstraction Yor Linear

time invaviant systems.

C ofollar} 1. Under 4he assampfions # Theorem 3 +he f'%//ow/hj_ Sttemasts
hold's.
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Reldion o Lyapupoy stabilty
Lemma 2. SUF;Dwe Fhat P is aPosj’f/'Ve deﬁ'nhle mdatex and A s

an arbﬁmg_ maleix.

O F Mo (PAF) =M, Hhen QA+AQ <2MQ, whee ®=P
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confract V,/} Jans 3%5/{7‘001_ = A Yurwitz
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_}T\aol’em 4. Consider 6. Let c= Sv\r(*l)o /‘1 [—J-F (-tpo] Where M 75 indnced by
Qq-wa;hfed pmin [Xpq = laxlp for some a/}%pm// Posihie @ ond
& P<Loo. Then for any Two solifions x4y X7y
)/X/-z)_gm//m Qe Ixo-yo ) &

Mo sier, 1 c<o. &) Synchronizes.

Proof of synchonization:
lel Xy be a slifon o 60 wHh XO = x0T
Lt 9@ be the unique Solution of =Pa2) with zo= Z,NXL
fhen  Xth= (%&),._..,Z(NT Js & sobdion sf g

B @ I (76{“-8(*”' — >0 Meefore Xi—Xj —>6 0» H—>c0.

XNE® =Y @ +

More fﬁkr’éﬁhg, and Cha//g/%/h;_ Problem /s 7o /Prol//’o/e a cndition Fal
Lks Hhe vector Geld Z, +he J/}gﬁ(s/on patix D and Hhe g@h Stuctue
and ngmﬂLees SﬂnCAYoﬂ/'%a%/D/Z.

Example.  Suppose that N idertic @Mﬁ/#ﬂfﬂfs e Compedtes! 7%:’074
a amplle goph - X = Frx) + D Z (5-X0)

Jwi
and &7 C= Sup M(Tpctx) — N D) <o where M is mnduced by an
(#x)

Secand @ e o an .
an grbiva ’;’L rome. Kn n 3<mv«|u f Lap/aca matrix

—Wew 7%2 5&’)7‘3/)2 Sﬂhc/}r‘o pizes.

oper /D/Db/gmg: e pioblent /s understood #p Lo norms =
a‘rév%w% Z’ﬂ?}' e Plleps is studhred Hoy Sfea'cr/ g’razfé (¢ O/Wf’/67lé’/
Mine, Star and e Carlesian Pr-oa(ud[ ) and For @-M&gﬁec{ R nolins
(on-Lo neims) Bl The Phobrer /s open For ﬂrbi—/rcrg_ Jrples.



